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Introduction Experimental Setup - Instrumentation Forced Vibrations with Magnets
- Magneto-elastic systems : Motors, generators, mag-lev trains, magneto-elastic load cells. - Magnets : 0.21 Tesla magnetic field strength on surface. . For low forcing amplitudes, we find co-existence of small-amplitude orbits around one of the
- Simple system : Cantilevered beam between two magnets, with periodic forcing on the system - Beam : 1095 Steel. High yield strength (552 MPa), Young's Modulus E = 2.06*10"5 MPa. - equnlbrlumpomtsandlargeamplltudeorb|ts enC|rcI|ngbothequnlbrlumpomts
- Model : Forced, damped Duffing's oscillator (Holmes [1]): 7 4 §2 — ax - ,8333 — Pcos wt - Beam motion visualized using Strain gauge (350 Q) attached at root of beam. 7 |

_ Differentiator (Velocity signal)

- Only models a double-well potential. s | s | |
_ _ - 10-bit Analog-to-Digital Converter (ADC) on Arduino Uno — Laptop (Matlab) via USB Serial connection.
- a and 3 have to be determined experimentally. e |
- Can we obtain a model based on physical parameters of the system? (e.g. Magnet spacing) i _ I ]
Objectives Free vibrations without magnets I T A T T
] . . . Experimental and computational results for forcing amplitude of 2.9 mm, frequency of 11.8 Hz
. Develop a computational model for the governing ODE based on physical parameters. . Damping Ratio: 0.17308 _ _ _ _ ) . _
. Build the magnetc_)-elastic system_in lab to compare computational results with experimental . Natural Frequency: For higher forc!mg amplltude_s,! we have Elzifgnl;llaar el S‘it‘i?i!ﬁp.ﬂ‘ otions.
results (and also with theory of Duffing Oscillator) _ 17.9 + 0.3 Hz (Experiment) , 17.81 Hz (Theory)
. Explore the statics and dynamics of the system modeled by the computational model. b : : h
. Search for parameters that give rise chaotic motions as predicted by Duffing oscillator theory. Free vibrations with m ag nets
Duffing oscillator : 97 = vy — 5@% — 0UT,

Bac kg round « Equilibrium points at (0,0) (saddle) and (i\ﬁ 0) (stable spiral sinks). g it 2% | oo 1 S
- General model Magnetlc fleld Induces body forces FX F and moments C on the beam * If WE measure a bUCkled eqUIIIbrlum pOSItlon ap, and a natural frequency W1 abOUt that bUCkIed - - E;perimental timgijs,eries of “chaotic” mOtIO;I;fO—FEI‘FIE bsrr)lplitude of 4ﬁl;l mm,;;equency of 1OZI3HZ a
- PDE for beam displacement v(s,t) : (s = arc-length coo,rd);nate) position, then we can get a cubic approximation of F 4.+ from experimental measurements as e Poncar Nep oAy 243t | e

f . L o — Wi g _ wi Experimentally, we measure ap= 0.99 £ 0.02cmand w; =24 + 0.1 Hz.
E,— EIv" = C"+ [TV =m (ii + VQ) T = F. ds. 2T 242 *f
600 ‘ ; ! \ , : ] o ‘ —— Fy o (FUll Model) g

S
- Nonlinearities : F,, Fxand C depend on beam shape. Fy = F«(s,v) , Fy = Fy(s,v) , C = C(s,v)

—— Cubic Approxto F, .- of Full Model: o = 8.848E+03, f=8.113E+07
—— Experimental Cubic Approx. «. = 1.161E+04, p= 1.172E+08
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- Assume a single-mode approximation, ’U(Sj t) — qb(s)a,(t)
- @(s)is first spatial beam mode for linear scenario without magnets: — E'[v"" = mi;

o(s) = c¢|K(sinh(ks) — sin(ks)) + (cosh(ks) — cos(ks))],
L ~ 1.87510407 . K ~ —0.734096 , ¢: [i" ¢*(s)ds = 1
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Poincaré map from experimental data. Color of points correspond to time taken from
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] y —L —_ —L — —L L —_ L - L - sl L L I L L ‘* . time series, with “colder” colors taken earlier in time
- ODE for mOdal am IltUde a t _ Beam Tip Displacement, v, (m) Beam Tip Displacement, v, (m) . . , . . : i L L e, |
p ( ) - Contributions of computed Magnetic and EIastEc forces to Fstatic ford =3.93cm Comparison of full model, its cubic approximatioLn, and experimental cubic approximation . Takmg '[he P0|nca_|’e map from the time series -
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Experimental Data for beam tip displacements : Orbits (S am p I e Orb It O n p h ase p I an e eve ry fo rCi n g
period) gives a “strange attractor” structure.

. This “strange attractor” is predicted by the

1

1 L L L L § I theory for a Duffing oscillator as well [3], and is |~

Fiiatic(la) = — |— E]/ (¢")? ds + T(¢?ds | a+ F,pds+ C¢' ds ] ’ an extremely complicated fractal structure. We |
m 0 0 0 0 = I also observe this from experimental and

Beam elasticity Magnetic Field computational results.
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Poincaré map from numerical simulations of full model.
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- Measure dynamics in terms of beam tip displacement ¢, (t) — a(t)cb( L) instead of modal | § oo o e T S I SR P S ; < S e L e
amplitude a(t,)since easier to do so experimentally. g ok 2 C T RINREEEENS S
- Assume linear viscous damping model with damping coefficient ©. Basin of attraction of fixed points avac(g)mputed using the computational model Orbits from experimental data for various initial displacements EJ b S lllllllllllllllllll ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ ..........................
- For periodic forcing|/, — and F. .. — (L) F s s g - i G | 3 R e -
% AOCOS((—Ut) statzc(UL) Cb( ) statzc(a) - Statl C B Ifu rqatl ons § AR Y ; - | o
e . » 2 L ‘ | i 0015, % DG b oA AN EARATRNAIS PRI
U, = Fltatic(v1,) — 001, + P cos(wt)| with P = w?Agp(L) [,” ¢ ds i, I w
‘ | 1 T S S SR S | —
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- Cubic approximation : Fstatic(UL) o~ QU — /BUL — Dufflng oscillator T A - Middle Bifurcation diagram of Poincaré map for increasing magnet field strengths. Project orbit and Poincaré map points for a Period-5 orbit
- Full model : Compute all terms in . | e T :
P Flstatic —_( 0 PR, 15 U Conclusions and Future Work
iHaiiiaean : aiiiitaiin Offset illustration &
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- - i i i - The computational model matches experimental data and theoretical predictions qualitatively
= Hifdian } it '
Computlng I\/Iagnetlc Forces and Moments 4 ; ﬂ | i - The model offers more flexibility in predicting the behaviour of the system compared to the
_ : : > it i i e | ey it - -
MOdeI C ||ndr|ca| ma I”IetS as |deal SOIenO|dS 0041\\\\\\\\\\\\\t1¢HHEHHHHHH?HHH;rrruf;:u///fn;/ 3H ME]W@:{FQM* ; g " . '/’"' " 1 I it 1 I
Use aigorithm by Derby [2] 1 compue o Lsuill Iy . | ] N \ 4 | | Dufing oscillatortheory, asitis based on physical parameters.
gt' feld By (By I ) h P Al i | Q e e e e - However, the numerical nature of the model makes it unamenable to analysis.
magnetc fie — at beam. N R 2% NN NN R R 144424 oF : | - ool . : : . . : . :
For anv point on the begr?n wli;th angle § against N Eed ol * ; O teten g enes, () - An interesting variant is to consider what happens if the magnetic field strengths are varied
] ST A : Q S f;‘ ;; 5i //';':iif \:::‘\“:‘\\ ;\:: :: H LLLL H;; ;//‘ij;i: | Dby mos. di) ‘ o Upver . . . . . . . .
v veri/icgl L on the beam wit the%eam isg SN e SN R ixed Pomis : e _IZ”’_“ periodically, and possibly in different phases. This can be done directly using the developed model
! J ERNN I N = Bl ° i — e — with slight modifications, and experimentally this involves substituting the magnets with solenoids.
M, XA (14 xcos*(0))B, + xcos(0)sin(0)B,\ [t it e £ | BEed Porniel l e TR
M — ( z) = A7 z T X Y| TR 0 Fxed Poriis N Acknowledgements
M, tofty \xC05(0)sin(0)B, + (1 4+ xsin®(0))B, ) JiU i iy e 14 i N . o . A
L TR O L L ; ﬁ | would like to thank Professor Philip Holmes for the immense help that he has provided me in
. L L g : . . i )
M, 2Be 4 £p 2Be Calculate  derivati ¢ ic field | £ understanding and completing my thesis. Thanks also go to Jonathan D. Prevost for graciously
B Ty alculate derivatives of magnetic fie , : . . : .
F=M-VB =1 o5, AL | s C=MxB using 4th-order central finite difference , : ol allowing me use of his lab space for my experiments. Thanks to the MAE department, Princeton
e T oy ) ' bl | e I - SEAS and the John Marshall Il Funds for making this thesis possible
. . . . B . . . i ii;, Do s, ) i 001— ' . - :
Fix beam tip displacement — Fix beam shape in magnetic field. Partition nodes over beam. 4 : i | i \ T
. . - . . i | i T e Y
Compute all integrals related to qb(s) and its derivatives using trapezoidal rule. ; Hi ' o Yy Sel eCted Referen CeSs
ST ' e
COmpUte forces and moments — Compute Fstatic for par“CUlar beam tip dISplaCement. s 003 o 0 0345 e ?????%*%%%6%*5*;; ......... 0.‘06 00 gy - [1] F.C. Moon and P.J. Holmes 1979 Journal of Sound and Vibration 65 (2), 275-296. A Magnetoelastic Strange Attractor.
; . . . F ) ( ) Distance hetween magnet centers, d (m) e bt et o ]2] N. Derby and S. Olbert 2010 American Journal of Physics 78 (3), 229. Cylindrical magnets and ideal solenoids.
Repeat over an interval of beam tlp dISpIacementS — Obtain static UL . Bifurcation set over two parameters : Distance between maanets and beam offset Surface Ofsemaiﬁnt;nﬁzcg\e,mér(ml[WO harameters [3] P.J. Holmes 1979 Philosophical Transactions of the Royal Society (London). A nonlinear oscillator with a strange attractor.



